Universal Features of Dimensional Reduction Schemes 
from General Covariance Breaking 
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Many features of dimensional reduction schemes are determined by the breaking of higher di- 
mensional general covariance associated with the selection of a particular subset of coordinates. By 
investigating residual covariance we introduce lower dimensional tensors, that successfully gener- 
alize to one side Kaluza-Klein gauge fields and to the other side extrinsic curvature and torsion 
of embedded spaces, thus fully characterizing the geometry of dimensional reduction. We obtain 
general formulas for the reduction of the main tensors and operators of Riemannian geometry. In 
particular, we provide what is probably the maximal possible generalization of Gauss, Codazzi and 
Ricci equations and various other standard formulas in Kaluza-Klein and embedded spacetimes the- 
ories. After general covariance breaking, part of the residual covariance is perceived by effective 
lower dimensional observers as an infinite dimensional gauge group. This reduces to finite dimen- 
sions in Kaluza-Klein and other few remarkable backgrounds, all characterized by the vanishing of 
appropriate lower dimensional tensors. 

PACS numbers: 02.40.-k, 04.50.+h 
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I. INTRODUCTION 



In many different situations, ranging from low to high 
energy physics, we are interested in -or have access to- 
only a part of the coordinates describing a given physical 
system. The problem is finding the effective dynamics 
that drive the interesting variables by reducing the unin- 
teresting ones or, vice versa, given the effective dynam- 
ics of accessible variables, introducing extra coordinates 
that simplify the overall dynamical picture. Dimensional 
reduction may be induced by a number of very different 
mechanisms which in general leave a track in the lower di- 
mensional dynamics. Typical examples are Kaluza-Klein 
and brane- world reduction in high energy physics, quan- 
tum dots/lines/surfaces in semiconductor physics, mag- 
netic confinement in plasma physics and so on. However, 
there are features that only depend on the selection of the 
'interesting' coordinates and not on the specific mecha- 
nism under consideration. In this paper we focus on these 
universal features that depend on the selection of a sub- 
set of coordinates and not on specific reduction schemes. 
It should be stressed, that even if in certain cases -like 
brane- worlds and quantum lines/surfaces- the effective 
lower dimensional configuration space can be identified 
with a regularly embedded metric submanifold, this is 
not the general situation. A classical example is pro- 
vided by Kaluza-Klein theories where the physical space- 
time is obtained by identifying higher dimensional points 
connected by a special class of diffeomorphisms that will 
eventually be identified with gauge transformations. The 
resulting quotient space can not be given the structure of 
metric submanifold. The classical theory of embeddings 
[l], Q is not enough for describing the general situation. 
In this paper we further investigate the geometry of co- 
ordinate separation with emphasis on residual general 



covariance and provide a unifying framework that suc- 
cessfully generalizes the theory of metric submanifolds. 

The paper is organized as follows. In Section fll] we 
find that dimensional reduction is completely character- 
ized by lower dimensional tensors, generalizing, on the 
one hand, Kaluza-Klein gauge fields [H, 0, [1[ and, on the 
other, extrinsic curvature and torsion -i.e. second and 
normal fundamental forms- of embedded spaces [J 0]. 
In terms of these we obtain in Section IIHI general re- 
duction formulas for the Riemann tensor, Ricci tensor, 
scalar curvature, geodesies equations, Laplace and Dirac 
operators, providing what is probably the maximal possi- 
ble generalization of Gauss, Codazzi, Ricci equations Q 
and various other standard identities in embeddings and 
Kaluza-Klein theories. These equations also represent 
the natural starting point to investigate higher dimen- 
sional unification scenarios in which physics is allowed 
to fully depend on all the introduced coordinates. In 
Section [IV] special attention is given to induced gauge 
structures. We show how residual general covariance in 
the reduced variables always emerges in the effective dy- 
namics as gauge covariance. The induced gauge group 
is in general infinite dimensional and reduces to finite 
dimensions in Kaluza-Klein and a few other remarkable 
backgrounds, all characterized by the vanishing of appro- 
priate lower dimensional tensors. Finally, in Section IVl a 
discussion of the findings is presented and concluding re- 
marks are made. 

For the shake of concreteness we tackle the prob- 
lem from the viewpoint of higher dimensional unifica- 
tion. We consider a higher dimensional (HD) space- 
time Me parameterized by D continuous coordinates x 7 , 
I = 0,1, D — I, endowed with a pseudo- Riemannian 
metric g/j. In addition to the coordinate system, we 
set up reference frames at each spacetime point r^(x), 



2 



A = 0, 1, D — 1, rjrg gu — T)ab- Physical laws are 
assumed to be covariant under general coordinates trans- 
formations and local redefinitions of reference frames [3] 



ji 



(x) 



A/(x)ri 



(1) 



II. THE GEOMETRY OF 
DIMENSIONAL REDUCTION 

The HD spacetime Md is endowed with standard 
pseudo-Riemannian geometry. 



At low energies the spacetime (e.g. d — 4) is parame- 
terized by d continuous coordinates x^, [i = 0, 1, d— 1, 
and reference frames are made up of d reference vec- 
tors rj 4 , a — 0, 1, ...,d— 1. Physical laws are covari- 
ant under (electroweak and strong) gauge transforma- 
tions, other than general coordinates transformations 
x^ — > x'^(x) and local redefinitions of reference frames 



k£{x)i 



The original motivation for consider- 



ing higher dimensional unification is the hope that HD 
covariance can account for lower dimensional (LD) gauge 
symmetries other than LD spacetime covariance. To 
make contact with LD physics, we split HD coordinates 
in two groups x 7 = (x^,y l ) with /i = 0, l,...,d — 1, 
i = 1,2,. ...c = D — d. We refer to x^ and y 1 as 
external and internal coordinates, respectively. Conse- 
quently, reference frames split in four blocks r£ = r^, 
-,r a +ti =p a 4 witha = 0,l,...,d-l,a = 1,2,..., c. As 
we are willing to make no a priori hypothesis on specific 
reduction mechanisms, we proceed by noticing that the 
minimal assumption that drives us to recover the desired 
LD spacetime covariance is that the HD transformation 
group |T]) is effectively broken down to 



y l -> y n {x,y) 



K£(x)r^ 



p<i ^K b (x,y)Pb 



(2) 



Tensors 



HD tensors t -j J — transform according to 



...J... 



J/. 



~~ ' ••• / ••• *.y.K.'.'.' ■■■ •' l ■■■ 

with J i = -S^tt- the Jacobian matrix associated with the 

i ox" 

transformation of HD coordinates. 

and LD internal tensors 

t "1° "' , respectively carrying external and internal indices, 
transform according to 



LD external tensors t 

■ ■ ■ h l ■ ■ ■ 



"...fi.. 

t 



J- 



J, 



t 



J 



-1 3 
I ■ 



with J,/ 



the Jacobian matrices 



and J, J =- 

associated with the transformations of x^ 1 and y l respec- 
tively. LD hybrid tensors t carrying internal and 

external indices that transform with J" and J i J , respec- 
tively will also be considered. 

When HD covariance is broken from Ji} to ([2]) , J/ 7 
takes the block non-diagonal form 



J/V) = 



o 



gj/n i x i y ) 



We take this as a characterization of dimensional reduc- 
tion. In working out the consequences that it implies, 
as a check of our results and to make contact with the 
most important applications, we constantly specialize in 
appropriate subsections to Kaluza-Klein theories [1, 0, [f| 
and spacetimes embedded in a flat [16| higher dimen- 
sional space 0. While in the former case the topology 
reduces to that of a direct product and in the latter the 
system is localized on a submanifold, in the general case 
the structure of the HD spacetime is more complex. In 
correspondence to every choice of external coordinates 
the internal coordinates y l span a c-dimensional in- 
ternal spacetime Mj? regularly embedded in M£>. Every 
internal spacetime Mj? has to be identified with a point of 
the cZ-dimensional external spacetime and may posses 
a geometry -and even a topology- that vary from point 
to point. Strictly speaking, IVLj can not be identified with 
the effective spacetime before internal coordinates have 
been completely removed. In spite of this we will talk 
about LD external metric, curvature or general tensors, 
with the bona fide assumption that internal coordinate 
dependence will be eventually removed from the effective 
theory. Clearly, any realistic reduction mechanism will 
eventually involve such a removal. However we will not 
address this issue in this paper. 



The off-diagonal block makes covariant external t...^..., 
contravariant internal f and analogous hybrid com- 
ponents t of HD tensors, in non-covariant LD ob- 
jects. On the other hand, contravariant external f ■ 
covariant internal t...»... and analogous hybrid compo- 
nents t of HD tensors, transform like LD tensors. As 
an explicit example, external and internal components of 
a HD covariant vector vj transform like 



dy k 
dx'f* 



v fc and Vj 



so that v M can not be identified with an external vec- 
tor, while Vj = Vi transforms like a LD internal vector. 
External and internal components of a HD contravariant 
vector v 7 transform according to 



-1 M 



and 



rK 9y^ 

dx K 



so that v M = can be identified with a LD contravari- 
ant external vector, while v l is not a LD vector. 
When constructed from HD tensors, LD tensors are in 
general functions of external and internal coordinates. 
In internal directions the x^ dependence just labels the 
internal space Mj? under consideration. In external di- 
rections the y % dependence will be eventually removed. 
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Metric 



The most general parameterization of the HD space- 
time metric g/j covariant under @ reads 



(3) 



with g^vix, y), hij(x, y) and a^(x, y) functions of external 
and internal coordinates that transform according to 



9nv 

hi i 



T K J x n 



K A 



J: J- kkt 



J, 



(4a) 
(4b) 

(4c) 



The square matrices g^ and hij respectively transform 
like LD external and internal tensors and can be identi- 
fied with metrics on M<j (after y % removal) and M£ . The 
rectangular matrix transforms like a LD hybrid tensor 
up to an inhomogeneous term reminding the transforma- 
tion rule of a gauge potential. By means of it is also 
possible to construct a genuine LD hybrid tensor 



(5) 



appearing as the associated gauge curvature [171 ] . It is 
well known, that this is more than a similarity in Kaluza- 
Klein [1,0,13] and embedded spacetime Q theories, where 
(|4cP precisely corresponds to the transformation rule of 
a G KK or SO(c) gauge potential. On the other hand, 
apparently unnoticed is the fact that (|4"c| always corre- 
sponds to the transformation rule of a vector potential. 
To see this explicitly, we read x-dependent internal coor- 
dinate transformations ^ as the actions of the internal 
diffeomorphism group T>iff c on 



v 



exp{Z k (x,y)d k }y l 



with £ k (x,y) an appropriate internal vector. By intro- 
ducing the operator-valued external covariant vector 



(0) 



and denoting by T = exp{— £ (x, y)dk} the inverse of the 
operator generating the transformation, it is straightfor- 
ward to check that (|4c|) can be rewritten in the familiar 
gauge transformation form 



Ta^T- 1 +iT(d^T- 1 ) 



(7) 



The off-diagonal term of the HD metric has to be identi- 
fied with a vector potential taking values in the internal 
diffeomorphism algebra of diff c . The associated curva- 
ture / M „ = dfj,a v — 9„a M — ^[a^a,,] corresponds to the 
operator associated to f* 



and transforms in the adjoint representation 



(8) 



(9) 



General coordinate transformations do not preserve 
lengths and angles, so that the operator T is in general 
not unitary. The vanishing of the divergence of £ l makes 
T formally unitary, a condition always met in Kaluza- 
Klcin and embedded spacetime theories. 

Kaluza-Klein: The HD spacetime M_d = Md x /C c is the 
product manifold of a Lorentz space and the internal space 
K. c admitting an isometry group G KK . The metric ansatz 
reads 



Si J 



A^AtKjKUw A^K k K kj 

K>il Aj,K a K%j 



(3JKK) 



with g/_ lv (x) a metric on Md, Kij{y) a metric on JC C , ¥L k (y) 
Killing vector fields on K. c and A^(ai) identified with the gauge 
potential taking values in the algebra of G KK . By assumption 
Lk_ 3 k = 0, equivalently (0jKj)«jy + (djK k )K ik + K k dkKij = 
or ViK a j + VjK a i = 0. Allowed internal coordinate trans- 
formations are generated by Killing vector fields £ k (x,y) = 
e 3 (x)K k (y). Because of the above identity, ViK^ = 0, so 
that T is unitary. The transformation rule (0) yields for 
the G KK gauge potential transformation rule, which infinites- 
imally takes the standard form 

The corresponding curvature is related to ([5} by 



J UV 



d v Al 



K l = F c K l 



dSKK) 



Embedded spacetime: The HD spacetime Md =1 is re- 
duced to a Lorentz space M^. Denoting be the coordinates 
on Md, by t M the associated tangent vectors and by nj(a;) 
a smooth assignment of c orthonormal vectors, n,: ■ rij = 0, 
tij-t^ = 0, coordinates are adapted by parameterizing inter- 
nal directions by the distances y 1 along the geodesies leaving 
Md with velocity . In adapted coordinates the flat HD met- 
ric reads 



Si.i 



i \ fc A I m n A fc m, 

g^u t i^nm y y vm y Vkj \ rm . \ 



where = g M „ + 2l\ kliv y k + ll kl _ lK ll lv K y k y l witri S^(x) = 
t M -ti/ the induced metric and II iM „(a;) = t M ■ d v iii the ex- 
trinsic curvature (or second fundamental form) of the embed- 
ding; rjij is a (pseudo-)Euclidean metric in extra directions; 
A[iij{x) = Yli-dfji r\j is the extrinsic torsion (or normal funda- 
mental form) of the embedding l|. The off-diagonal blocks 
of ([3bmb[) are proportional to the Killing vectors generating 
(pseudo-)rotations around the point y l = in the flat in- 
ternal space. However, the metric is not Kaluza-Klein be- 
cause of terms that make g^ v explicitly dependant on y 1 . Al- 
lowed internal coordinate transformations correspond to the 
^-dependent (pseudo-)rotation rii — > 1 (x)rij and are gen- 
erated by the Killing vector fields £, k (x,y) = y l u>i k (x) with 
ujki = —&ik- Vfcy ! oj; fc = co k k — so that T is unitary. Under 
Q A I transform like a SO(c) gauge potential 

A J - A^AjA- 1 , 1 - AfdfJT 1 *' 
The associated curvature is related to ([5} by 



flu = (dn 



V 



= F -V 



@!mb) 
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Denoting by g the HD metric determinant and by g and 
h the LD metric determinants, we have that g = gh. 
The HD volume element factorizes in the product of LD 
volume elements g] 1 / 2 = l^l 1 / 2 )^! 1 / 2 . The HD inverse 
metric g IJ can be evaluated in general terms as 

i j = ( <r -9^4 \ 

^ \ -a\g x » fc« + ala{g^ J 

with g^ v and h % i the inverses of the LD metrics. 
The parameterization ([3]) is particularly convenient in 
connecting HD with LD geometrical quantities. It gener- 
alizes the Kaluza-Klein and embedded spacetime metric 
ansatze, to the case where no a priori symmetries or spe- 
cial submanifold have been introduced. 



C. Connections and Curvature Tensors 

The HD covariant derivative induced by g/j is denoted 
by V/ and acts on tensors as 

V/t - : , + ... - iy/U ;;,,,.. + ... 

with intrinsic connection coefficients given by Tjf^ — 
\g KL (3/gLj + djgi L - d L gu); by definition Vxgu = 
and VA'Igl 1 ^ 2 = 0. The commutator of two covariant 
derivatives 

[Vj,V J ]t;;] f ... = ...-R /J A.-.L... + - 
defines the intrinsic curvature tensor 
~R-ijk = diTjk ~ djT 'jk - T IK Tjh + TjkTjh (10) 

We also denote the Ricci tensor by R/j = R IK j and the 
scalar curvature by R = g /J R/j. The covariant deriva- 
tive V/ and the associated curvature tensor R/j^ com- 
pletely characterize the geometry of the HD spacetime 
Mj). We now consider analogous quantities for the LD 
internal spaces and external space IVLj. 



1. Internal connection and curvatures 

The LD internal covariant derivative V; induced by 
the metric tensor 

Vit.:j... = di*.::i... + - - V*. .x. + - ( n ) 

with internal intrinsic connection coefficients 

r i3 k = \h kl (d t h l3 + djhu - dihij) (12) 

is covariant under @ when acting either on LD inter- 
nal, external or hybrid tensors. As a consequence, new 



LD tensors can be generated by the action of Vj. The 
commutator 

[Vi.Vj-K.jL. = --Va..+- 

defines the internal intrinsic curvature 

Rijk — di^jk ~ 9jT ik — r ik Tj m + r^ k r irn (13) 

Internal Ricci tensor and scalar curvature are defined like 
in higher dimensions. The internal metric hij and the 
internal volume element l^l 1 ^ 2 are parallel transported 
Vfc/ijj = 0, Vfc|/i| 1//2 = 0. The internal covariant deriva- 
tive, however, is not compatible with the external metric 
structure as Vig M „ ^ 0. External indices can not be 
raised, lowered or contracted regardless to the position 
of Vi- To overcome the problem we extend the action 
of Vj to external indices. We define an internal total 
covariant derivative V^ ot by 

vr i i.:i..,7... = v^.:,,...,-... + ... - V*-..j...- ( 14 ) 

with internal extrinsic connection coefficients E t " cho- 
sen so that Vfgfj.v = (also implying V^'lgl 1 / 2 = 0). 
This requirement fixes the symmetric part of the extrinsic 
connection to Eu^ — \dig^ v , living the antisymmetric 
part completely arbitrary. It is possible and even natural 
to include in E^ a term proportional to the hybrid ten- 
sor fipu . Different choices correspond to different internal 
extrinsic geometries. In Section llTll equation (150c|) . we 
will see that the internal extrinsic connection induced by 
HD geometry corresponds to the choice = \ fi liv . 

We therefore set 

= \( d ^ + fi^)9 KV (15) 

Under coordinate redefinitions (J5J), E^" transforms like 
a genuine LD hybrid tensor 

v -> 

Kaluza-Klein: The symmetric part of the internal extrin- 
sic connection vanishes identically; the antisymmetric part 
reduces to the gauge curvature 

E illv = ^f c ^k ci (Hskk) 

Embedded spacetime: The internal extrinsic connection 
equals the second fundamental form IIi M „ of Md plus a term 
linear in y 1 

Ei^ v = Ib M „ + - (Hj M «IIj„' t + ll il/K llj^ — ¥fj,uij) V j |l5]:mb) 

On Md the linear term vanishes and E^ coincides with the 
second fundamental form -Ei (J ^| H= o = IL^. 

The hybrid tensor E^ reduces to the gauge curvature 
of the external space in Kaluza-Klein backgrounds and 
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to the extrinsic curvature -second fundamental form- of 
the external spacetime in embedded spacetime models. 
In Section IIIII we will see that enters the general 

equations (|51[) relating higher and lower dimensional cur- 
vatures in the very same way as the second fundamental 
form enters Gauss, Codazzi and Ricci equations. For 
these reasons we will also refer to Ei^ v as to the external 
fundamental form. The 'hat' is introduced to remind us 
that Md is not in general an embedded object and E illv 
is not a fundamental form in the standard sense of em- 
bedding theory. The commutator of two total internal 
covariant derivatives 



[V* ot , V* ot ] t. 



~ -Ryfc *— At...i... + 

F v t u 4- 

r ijp L ...u...k... i 



defines the internal extrinsic curvature 

Fat = diE^ - d,E H r ~ V V + W (16) 

carrying two internal and two external indices. A direct 
computation allows to rewrite Fij^ v as 

Fijliu — T^difjpu ~ Ti^jfipu E^ Ej UK — Ej^ Ei UK (17) 



where ordinary derivatives are replaced by hatted ones in 
the standard definition. Generalized Christoffel symbols 
transform like proper connection symbols. The external 
covariant derivative V„ 



9 J "I + 



r K t - 

1 pU . . .K. 



(20) 



is covariant under {2j) when acting on LD external ten- 
sors. New LD tensors can be generated by the action of 
V M on external tensors. The commutator 



*..'.'«... — ■■• '..'.A... + ••• fJlu^T^.'.'.K... 

defines a genuine external intrinsic curvature tensor as 



p A q p A f\ p A 

^UUK — U P 1 UK U V L UK 



p p p A 

pK Up 



P P p A 

UK pp 



f l E- 



(21) 



External Ricci and scalar curvatures are defined as usual 
by contraction R^ = R^ K „ and R = g^R^. It is worth 

noticing that R^^, Rpu and R are reducible tensors. 

Kaluza-Klein: In Kaluza-Klein theories R does not corre- 
spond with the scalar curvature R associate with the four 
dimensional metric g M „(a;). Equation (I21|l yields 



2. External connection and curvatures 



R = R + F a ^F aM 72 



(HEKK) 



The definition of covariant differentiation along exter- 
nal direction is less straightforward. The derivative V M 
associated with the external metric g^ is not a covari- 
ant LD object. Difficulties already emerge at the scalar 
level. The allowed external coordinate dependence of 
internal coordinate redefinitions produces an inhomoge- 
neous term in the transformation rule of partial deriva- 
tives 



8' — T v 

°p - J p 



dy l 
dx u 



di 



The problem can be resolved by adding a counter 
term proportional to which also transform inhomo- 
geneously. The derivative operator 



dp = dp 



(18) 



transforms like a genuine LD external vector when acting 
on scalars 

8 — > 8' — J u 8 

u p f u p — J p u u 

On the other hand, the commutator of two hatted deriva- 
tives is no longer vanishing 



dp,d„ 



ifpu 



Differentiation is extended to LD external tensors by in- 
troducing the generalized Christoffel symbols 



with gauge indices contracted with the group metric. 
Embedded spacetime: The corresponding equation in em- 
bedded spacetime theories is more complicated involving, 
apart from the gauge field F the external fundamental 



HJjmb) 



forms Ei^v. Specializing to y 1 = we obtain 
R = R+0(y) 



with R the intrinsic curvature associated with the metric in- 
duced on the submanifold. 

The external metric g M „ and the external volume element 
Igl 1 / 2 are parallel transported V K gpu — 0, V^gl 1 / 2 = 0. 
On the other hand, it is not even possible to ask wether 
the external derivative is compatible with internal metric 
structures, because is not covariant when acting on 
internal and hybrid tensors. Both problems can be re- 
solved by extending the action of to internal indices. 
We define the external total covariant derivative Vj£* by 



v M t.. 



Cplt 



(22) 



where the external extrinsic connection coefficients C„£ 
are determined by the requirement of covariance and by 
the compatibility condition V^'/iy = (also implying 



ytot ^1/2 = o) We obtain 



r 1 

^pk 



d k a l u 



(23) 



where 



r, 



i 



9 KX (dp9xu + d v gp\ - dxgpu) 



(19) 



[dphi-j - {dia k )h kj - {dja k )hik 



(24) 
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transforms like a genuine LD hybrid tensor. At any given 
external point E^j\ x corresponds to the standard sec- 
ond fundamental form describing the embedding of Mj? 
in Mj). Epij generalizes the notion of second fundamen- 
tal form to the whole foliation of the HD spacetime in 
internal spaces. For this reason we refer to E^j as the 
internal fundamental form. For later use we also rewrite 



E^iij as 



E 



(25) 



and note that the following identity holds 

V™E uij - V?E^ = \ (Vi/,-^ + VjM (26) 

Under the residual general covariance group ^ external 
extrinsic connection coefficients transform like a genuine 
GL{c) connection 

ft l t vi j raft ti j 1 t ma 1 ^ \ 

'fj,k u fi \ J k Kj vm J n J k u v J ml 

Kaluza-Klein: By virtue of the identity (diK^)Kkj + 
(djK-a)Kik + KjdkKij — the internal fundamental form van- 
ishes identically 

= (01KK) 

The embedding of each K. c is totally geodesic [l|. The external 
extrinsic connection coefficients only depends on off-diagonal 
blocks of the metric 



C'J = K(d k K l 3 ) 



(H3KK) 



3. Hybrid curvatures 

The commutator of external and internal total covari- 
ant derivatives defines one more curvature tensor that 
describes the tangling of and Mj? in Mo 



t 



i...k... 



II,,.,. t...\...k... + 
- Ili-.J 1 ... + 



where the two hybrid curvature tensors and H ik 

have the form 



(29) 



and 



J V L ik 

-c Ir, 



rjc,. 



(d^J/y (30) 



A direct computation allows to reexpress the hybrid cur- 
vatures in terms of the sole fundamental forms E ifil/ and 



E{iij as 



/ / Y7tot rp Y7tot jp 

k TP. I TP k jp_ _ i f] 



~ E \i E kfi K + E Kk E kflX + f KX E^ k (31) 



Embedded spacetime: Since the internal metric r/ij does 
not depend on coordinates and A^i are antisymmetric in in- 
ternal indices the embedding of internal spaces is again totally 
geodesic 

E^j = dUmb) 

The external extrinsic connection reduces to the normal fun- 
damental form of the embedding 

Cj = Aj (limb) 



The commutator of two external total covariant deriva- 
tives yields the associated curvature forms 



T~7tot T~7tot 
V fJ, ) » V 



t...n...k... - ■■■ - Rp VK t...X...k... + 

■ - F/lVkt-K-l:. + - /^V- 0t t... K ...fc... 



where the external extrinsic curvature tensor, carrying 
two external and two internal indices, is defined as 



i 



fj,k vm 



fik 

1 < c. 



c 1 

vk fim 



p r 1 



\ l iv L ik ( 27 ) 

With the help of (f2"o| a straightforward computation al- 
lows to evaluate F k directly in terms of and E^j 
as 

Ffivki = -^dkfi^u ~ -^difk^u + E^Evu - E^E^u (28) 
a formula that closely resembles (TT71) . 



H^iu = V^Epn — V^Epki + 

+E k ^E vli - E l( ^E vki (32) 

Therefore, the four LD tensors R^, R^, E^j, E ifJiV 
give a complete characterization of the intrinsic and ex- 
trinsic geometry of external and internal spaces. Note 
that fi^v is the antisymmetric part of E^ and is 
related to it by ([5]). ft is curious that in spite of the 
different role played by external and internal coordinates 
the formalism is symmetric under their interchange. The 
symmetry is substantial only when /* = and M-d 
double foliates in internal and external directions. 



D. Reference Frames 

Besides standard tensor calculus in holonomic coordi- 
nates, there is a second formalism that allows to success- 
fully deal with geometrical problems: the tetrad (in four 
dimensions) or reference frame formalism. Among other 
things, it allows to clarify the role of gauge invariancc 
for the gravitational field [9j and is indispensable to deal 
with general relativistic interactions of spinors. In this 
section we show that the reference frame formalism is also 
the natural language to deal with dimensional reduction 
problems. 

In the HD spacetime, we consider pseudo-orthogonal 
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covariant and contravariant reference frames Yj A and 
rj, decomposing the metric and its inverse as gjj = 



A > 

r i rfVAB, g /J 
parametrization 



r I r B r l AB ■ 



Pi 



In terms of the metric 



Pa 



(33) 



tensor components under point dependent reference 
frame redefinition 



t 



.B... 
.A... 



C ...C... 



-1 B 
D ■ 



LD external, internal and hybrid tensor components 
';;;„';;;• t\ b a ;; and ty\^" b a \'; are introduced with analogous 
conventions and transformation properties 



with r^, rjf and p^, decomposing the LD metrics, 

r ^ T v T ]afi = guv, Pi a Pj b Vab = h i3 etc. Reference vectors 
are determined up to point dependent pseudo-rotations 
expressing observer's freedom of arbitrarily choosing the 
reference frame. Hence, reference frames transform as 
holonomic vectors under general coordinate transforma- 
tions and like pseudo-Euclidean vectors under pseudo- 
rotations. The theory is covariant under 



r/j- 1 



j j 



A B r 1 



with A A B (x) any point dependent, pseudo-orthogonal 
matrix, A A c Aj^rjcD — Vab- When coordinate invari- 
ance is broken, local pseudo-orthogonal transformations 
get restricted to the block diagonal form 



A£(x) 
A a b (x,y) 



with A£(x) and A^(x,y) lower dimensional pseudo- 
orthogonal matrices: AJAjn lS = rj a p and A a c A b d r) cd = 
rjab- The LD vectors rjf and correctly transform as 
LD reference frames 



Pa 



k 



-1 M 



K T-l » 
Pa J k J 



Pa 



K b p b l 



We fix the following notation for Kaluza-Klein and em- 
bedded spacetime models 

Kaluza-Klein: LD reference frames are denoted by 

with g M „ = r M a r/77 Q(3 and = k^k/rjab- 

Embedded spacetime: LD reference frames are chosen as 



.../3... 
...a... 

b... 



f 



./3...6 



■AJ. 

.A c .. 



...5.. 
•7- 



. . .c. . 

.A 7 ...A c .. 



..A 

•A" 1 , 

.7...C. 



1 /3 
5 ■ 



A 



-1 



.A 



-1 b 
d ■ 



It is readily checked that, when HD covariance is broken 
pseudo-orthogonal components of HD tensors transform 
like (pseudo-) orthogonal components of LD tensors. For 
example, external and internal components of a HD co- 
variant vector va — vj transform like 



A 



'0 



and 



A a "v b 



so that v a = v a and v a = v a may be identified with the 
components of two LD external and internal vectors. A 
HD rank-two covariant tensor \>ab produces an exter- 
nal b a f3 = h a p, an internal b a b = b a & and two hybrid 
b a b = b Q b, b' ab = h}, a LD rank- two covariant tensors. 
This makes the use of pseudo-orthogonal reference frames 
particularly convenient in investigating dimensional re- 
duction problems. 



F. More on Connections and Curvature Tensors 

The whole machinery of calculus on manifolds is read- 
ily transposed in the reference frame formalism by defin- 
ing a covariant derivative acting on both, curved and flat 
spacetime indices 



D/t 



V/t 



A t...B. 



(35) 



with connection coefficients ili t AB — i^a) t b^KL- 
With these conventions T>iy/ = 0. The commutator 
of two covariant derivatives yields the intrinsic curvature 
tensor 



r» = (<5£ + y l IL M K )t K Q (a;) = n; a (x) 

with g M „ = t"tfr) a p and rfc = n i a n J h r) ab . 



E. More on Tensors 



rob 



R 



IJAB 



drfl 



1*1J,AB 



djSl 



I.AB 



■Sir Jtni,CB (36) 



which is related to (fTU)) by contraction with reference 
frames, Rijkl = ^-u ab^ k t if ■ ^ n LD internal and 
external spaces we proceed along the very same lines. 



Instead of specifying HD tensors by giving their com- 
ponents with respect to the holonomic coordinate system, 
we can specify them by giving their projections on the 
reference frame 



,...B... 



1. Internal connection and curvatures 

On internal spaces, we define an internal total covari- 
ant derivative ZX tot as 



These quantities are invariant under general coordinate 
transformations and transform like pseudo-Euclidean 



^ i L ...a...a... — v z L ...a...a. 



^i.a t...a...b... + 

A i /*... /3 ... ... + ...(37) 
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with connection coefficients Qi^b — (V- ot pj')p b l hki and 
M,afi = (V-°V a K )r^ A g KA . Under coordinate redefinitions 
fli^ah and A^ a p transform like genuine internal tensors. 
Under local (pseudo-)rotations of reference frames, fli. a b 
transforms like an SO(c) gauge connection while Ai_ a p 
behave like a tensor 

fy/ - A a c ^/A d 6 - A a c («9 4 A c ") (38) 
A J - AJ^/A/ (39) 

With these conventions £>- ot p Q J = and D^rf = 0. The 
commutator of two total internal covariant derivatives 
yields the intrinsic and extrinsic curvature tensors 

Rijab = diQj^ a b — djfli^ab ~ ^%, a C %,cb + ^j^^hcb (40) 

and 

Fijap =diAj ja p-djAi >a p-A iiC ?A j „i3+A jt0 7Ai i7 p (41) 

which are related to l|13p and (|16[) by contraction with 
LD reference frames, R ijk i = RijabP k a Pi b and F ijK \ = 
F- ar a r & 

2. External connection and curvatures 

On the external space, we define an external total co- 
variant derivative as 

' V " " = V)T t *...a...a... + ■■• - 1...a... + 

+ ...-AJt... a ...b... + ...(A2) 

with connection coefficients tl^^p — (V^"*r a re )r^ ^g K \ and 
A^,ab = (V„* Pa)Pb l hu- Under coordinate transforma- 
tions flfi^ufi and A^afa behaves like genuine external ten- 
sors. Under local redefinition of reference frames i2^ :a p 
and A^. a b transform as SO(d) and SO(c) connections re- 
spectively 

- AJ^ 7 5 A/-AJ(4A^) (43) 
A J - A a c i,/A d b - A a c (^A c b ) (44) 

As above VJJ^rJ" = and V^ ot p a l = 0. The commutator 
of two external total covariant derivative again yields the 
intrinsic and extrinsic curvature tensors 

- Q va p + 4,7/3 + (45) 

and 

-K.aKcb + Ka C K,cb + fi v Oi t ab (46) 

again related to (jlZTj) and (J27J) by contraction with LD 
reference frames, R^ K \ = R^ va pr"r/ and F M „ fe/ = 

p ~ a „ b 
r [ivabPk Pi ■ 



3. Hybrid curvatures 

The commutator of total external and internal deriva- 
tive yields the hybrid curvatures 

Hf^iaP = d^Ai^fj — diil^^p + 

~fi,JA,P + V - (^K)^>/3 ( 47 ) 

and 

-i M , a c A, c 6 + />,,'•»,...'. - i'Knii <>,.„,, (48) 

related to (p?9")) and ([50)) by contraction with LD reference 
frames and that can be rewritten in terms of the pseudo- 
orthogonal components of fundamental forms 

E iab = rJpJpjE^, E ca p = Pc k r a »rfE k ^ (49) 

Nothing has really changed; the pseudo-Euclidean ten- 
sors R a p-yS, Rabcd, E ia b and E ca p completely character- 
ize the geometry of dimensional reduction. 

III. REDUCING GEOMETRY 

We are now in position to write down general equa- 
tions that relate the higher and lower dimensional geome- 
tries. In holonomic coordinates this task requires very 
long and tedious calculations with results that are not 
always transparent. Instead, within the reference frames 
formalism, it is almost straightforward to establish the 
desired relations. The formulas obtained in this section 
extend and unify well known identities of Kaluza-Klein 
and submanifold theories. 

A. Connection coefficients 

In the reference frames formalism, HD connection co- 
efficients directly relate to LD intrinsic connection coef- 
ficients, fundamental forms and extrinsic connection co- 
efficients in the following way 

rjSli, a p = rf0^ a p (50a) 

r/n/.ab =Pc^ab (50b) 

rjfl I>a p = E ai p (50c) 
r/flj^b = E acb (50d) 
r/H/.afc = r^A^ a b (50e) 

r/Oi>/3 = pMi,a/3 (50f) 

Analogous equations connecting HD Christoffcl symbols 
with LD quantities are much more complicated. By 
means of relations (|5"0"|) it is straightforward to relate HD 
to LD curvatures, geodesic equations and geometric op- 
erators. 
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B. Riemann Curvatures: 
extension of Gauss, Codazzi and Ricci equations 

Gauss, Codazzi and Ricci equations give relations be- 
tween HD curvature and LD curvatures, second and nor- 
mal fundamental forms of a submanifold and provide, at 
the same time, integrability conditions for a subspace to 
be embcddable in a HD spacetime They are impor- 
tant in a variety of physical applications, especially in 
general relativity. Recently, they have been extended to 
foliations and applied to the analysis of embedded space- 
times @. Equations of an apparently different nature 
relating HD curvature to LD curvatures and gauge fields 
are also the key ingredient of Kaluza-Klein unification 
schemes [3, 0, Q ■ Both set of equations are special cases 
of the general equations relating the HD Riemann ten- 
sor Rabcd to LD Riemann tensors R a /3j5, Rabcd and 
fundamental forms E ya b, E ca p. The symmetries of the 
Riemann tensor allow only six independent projections 
on external/internal directions. 

1. Gauss type equations 

The external components of the HD Riemann tensor 
are related to the external intrinsic curvature and funda- 
mental forms by an equation which is formally identical 
to the Gauss equation for an embedded space 

R-a(3y5 = Raf3jS + E aaJ E a p S — E a f3jE a aS (51a) 

In spite of this analogy it is worth remarking that the ex- 
ternal space Mrf is not an embedded object, R a {3~/S is not 
a standard Riemannian curvature tensor and E ca /3 has 
an antisymmetric part keeping truck of the gauge field 
/* . The internal components of the HD Riemann ten- 
sor are related to the internal intrinsic curvature and the 
fundamental forms yielding again an equation formally 
identical to the Gauss equation for an embedded space 

Habcd = Rabcd + E aac E a bd — E a b c E a ad (51b) 

This time the analogy is more than formal. For every 
given value a; M of the external coordinates the internal 
space is an embedded object in M^. In this case, 
Rabcd\x is the relative Riemann tensor and E~ (a b\ x is the 
second fundamental form so that (|51b[) correspond to a 
genuine Gauss equation for the embedding. 

2. Codazzi type equations 

HD Riemann tensor components with three indices of 
one sort and one index of the other, are related to the 
LD hybrid curvatures and the fundamental forms. These 
terms yield the generalization of the Codazzi equation for 
the external space 

(51c) 



and for the foliation of M^. in the internal spaces Mj? 

R-abcd = H a bcd ~ E^Eabd + E dc ?E a bc (51d) 

The explicit appearance of the hybrid curvatures H a bys 
and H a bcd can be eliminated by means of (|3ip and (|32j) . 
giving the Codazzi equations in their more familiar form 

R-ctbjS = E>l ot Eb^a ~ EbSa + fjsE ai b (|51cl ) 

R-afccrf = E> c ot E a db — D d ot E ac b (|51dl ) 

The interpretation of these equations requires the same 
caution used for generalized Gauss equations. While 
are g enuin e Codazzi equations for the embedded 
spaces M^, (|51cl [) correspond to standard Codazzi equa- 
tions only when /* = and the external space re- 
duce to an embedded object. 

3. Ricci type equations 

HD Riemann tensor components with the first two in- 
dices of one sort and the last two indices of the other, 
relate the LD extrinsic curvatures (|27|) . (fT6| to the hy- 
brid tensor ((5]), yielding a single equation 

R-a/3cd = Fa/3cd + F c daf3 + 

-\r»rp v p c k p d l {d k fl„u ~ dif^) (51e) 

This generalizes the Ricci equation for both, the external 
space Md and the foliation in internal subspaces M*. The 
explicit appearance of the external extrinsic curvature 
Faffed or of the internal extrinsic curvature F c d a p (or of 
both of them), can be removed by means of ([25)1 and 
(fT7)) . It respectively yields the standard form of the Ricci 
equation for the external space 

R Q/ 3cd = F a p c d + E C a Ed(j~j — E J Edaj (|51el ) 

and for the foliation in internal spaces Mjf 

Ra/3cd = Fda/3 + E^Epda ~ E^Eada (HUH') 

Once again, a little caution in the interpretation of (|51e[) . 
or (|51eip . or (|51cl'[) . is necessary. 

^. The sixth equation 

The remaining group of HD Riemann tensor compo- 
nents relates the fundamental forms to their total covari- 
ant derivatives, yielding an equation that has no equiva- 
lent in the theory of embedding 

~R-abfd = D° E^bd + D b ° Eda-f + 

+EJE iad + EjE dPl (51f) 

This equation appears as a further integrability condition 
for the tangling of M<j and Mj? inMjj and consists a new 
result obtained by this approach. 
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Ricci curvatures 



E. Geodesic motion 



By contracting the generalized Gauss, Codazzi, Ricci 
equations and (|51fj) we easily obtain the external 



D I fStot TP C , TP TP d,C 

a/3 — -n-a/3 + U a £jg c + ti ac dHja 



-D t ° t E c a p + E aaj3 E c J 



hybrid 



R 



ab 



and internal 



rjtot TP 7 



+ D T E ac 



f c E 1 

J ay cb 

DTE, 



ab 



Rob = Rab + D^E 1 ^ + E la bE 1 c 



-D tot E 7 



<57 



(52a) 



(52b) 



(52c) 



components of the HD Ricci tensor. From the viewpoint 
of pure higher dimensional gravity these equations dis- 
play the most general kind of LD matter that can be 
obtained in induced-matter theories 1101. 



D. Scalar curvatures 

The eventual contraction of equations (|52|) yields the 
identity connecting the HD scalar curvature with LD in- 
trinsic and extrinsic curvatures, lying at the heart of La- 
grangian reduction of HD Einstein gravity. We display it 
in standard tensor formalism 

R = R + 2V^/ + fyf&S + Ei^E^ + 

+R + 2V^ 1 + EjE^ 1 + E^j (53) 

This equation generalizes well known relations holding in 
Kaluza-Klein and submanifold theories. 



Kaluza-Klein: In virtue of (|15KK|) . (|21KK|1 and (|24KK|) 
equation (|53p reduces to 



R = R + R+ -F a M „F aM " 



(J53KK) 



with R the standard scalar curvature associated with the four 
dimensional metric g M „(a;). 

Embedded spacetime: By recalling (115bmb[) . (|21bmbl) . 
(|24tmbp and the fact that we are considering spacetimes em- 
bedded in flat HD spacetime equation (|53[) evaluated at y 1 — 
reproduces the well known identity 



R + IL/IIV- Hi^If"- = 



Pmb) 



that relates intrinsic and extrinsic curvature scalars for a sub- 
manifold embedded in a HD flat space. 

By means of equations (|51a[) - (|51fj) , (|52|) and (f53|) it is pos- 
sible to obtain general reduction formulas for the Weyl 
conformal tensor, which also plays an important role in 
the analysis of dimensional reduction [ll|. 



Free motion in HD spacetime is described by geodesic 
equations 

x* + rf J x / * J = o 

where x. 1 = dx 1 /dr is the HD velocity vector. As dis- 
cussed in Section fll Al external contravariant components 
of HD vectors behave like LD vectors, so that x M = i M 
is identified with the LD external velocity. On the other 
hand internal contravariant components do not, so that 
x l = y % is not a LD object. The definition of a LD vector 
once again involves 

y* = if + a*,A" 

HD geodesic equations split in two groups that separately 
transform under the residual covariance group @. The 
first group describes a no longer free motion in external 
directions and its coupling to internal variables through 
the fundamental forms, is given by 

x K + t^x" + ZEfJfj? - E%?& = (54a) 

The second group takes in to account internal motion 
and its dynamical interaction with external variables 



y 



+ T%ftf + (did^y 1 + 2E k i x> i tf - E k x^x v 





(54b) 

(the first three terms of the left hand side can be recast 
in the LD covariant expression x fi V t ° t y k + y l ^ t ° t y k — 
E 'J\y % i M ) . The interaction between internal and exter- 
nal motion vanishes if and only if the fundamental forms 



identically vanish, E iliv = and En 



0. Specializ- 



ing to Kaluza-Klein and embedded spacetime models we 
obtain: 



Kaluza-Klein: Taking into account QlSKKp . (I24KK[) equa- 
tions (1541) reduce to 



x -\- r^^x^i -f- qaF ^ x^ 
q a - c^i^qc = 







(G2KK) 



where q a = K 3 i(y)y z . The first equation describes the external 
motion of a particle of vector charge q a in the possibly non- 
Abelian gauge field F a „„. The second equation describes the 
rotation of the charge-vector in the group space. In the case 
of a one dimensional Abelian group qi is constant in time and 
the first equation reduces to the classical Lorentz equation of 
a charged particle moving on a manifold in an electromagnetic 
field. 

Embedded spacetime: In a neighborhood of radius e of a 
submanifold the equations (|15bmb|) . H24bmb[) allow to rewrite 
(l54l) in the form 



x K + T* v x»± v + iLyF^x" + 2^11^ £" + 0(e) = 
l' 3 - a^A/fcL*" + x"A^ k L kl + O(e) = 

(f54l mb) 

where L u = y % y 3 — y 3 y % is the angular momentum in internal 
directions and llifj, v (x) the second fundamental form of the 
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embedding. Higher order terms in e can be neglected only 
if some physical mechanism constrains the system in a suffi- 
ciently small neighborhood of the submanifold. As in stan- 
dard Kaluza-Klein theories the first equation describes the 
external motion of a particle of charge ^L^ in the gauge field 
F M! / J ; the non-trivial dependence of external metric on in- 
ternal coordinates produces the extra term 2j/ l II i( f i M making 
geodesies to drift away from the submanifold. The second 
equation describes the precession of internal angular momen- 
tum produced by the extrinsic torsion of the embedding. 

Equations (f54|) can also be obtained from the Lagrangian 
C = \q^x v + \h l3 (f + a^) + 4±") (55) 

For later considerations it is also useful to write the cor- 
responding Hamiltonian 

H = ~<T 0„ - a>0 (p* - 4«i) + l^mnj (56) 

with p M = dC/dx' 1 , ni = dC/dy l the momenta conju- 
gated to external and internal coordinates respectively. 
Internal momenta -Ki correctly transform as LD vectors, 
while LD external covariant momenta have to be defined 
as p M = - a^iTi. 

F. Geometric operators 

We now consider the dimensional reduction of Laplace 
and Dirac operators. 

1. Laplace operator 

In every local coordinate frame the HD scalar Laplace 
operator A takes the form 

A = | g r 1 / 2 9 /g 7J | g | 1 / 2 a J 

A is Hermitian with respect to the standard scalar prod- 
uct constructed by means of the HD covariant measure 
gl^dx^ Ig^^lh^^dxdy. By rewriting the operator in 
terms of covariant derivatives, recalling the inverse met- 
ric decomposition and the relations ([50)) between HD and 
LD connection coefficients, we obtain the most general 
decomposition covariant under @ 




The first righthand side term of this equation corresponds 
to the LD external Laplace operator 

A cxt = \g\- 1 ' 2 M «r| 5 | 1/a & 



(Hermitian with respect to the external scalar product 
constructed by means of the LD volume element \g\ x ' 2 dx) 
with partial derivatives 9 M replaced by the HD Hermitian 
operators 

^ + \Ej =d,+ (d M In |^/4) - i0/l - lv ift ; 

The total derivative In l/il 1 / 4 takes into account the 
different normalization of HD and LD states. It amounts 
to the rescaling A cxt -► |/i|^ 1 / 4 A cxt |/i| 1 / 4 . The Hermi- 
tian internal operator a M — ^V^a^ enters the expression 
as a gauge potential. The second righthand term of ([5T)) 
corresponds to the LD internal Laplace operator 

A int = 1^-1/2^1^1/2^. 

(Hermitian with respect to the internal scalar product 
constructed by means of the LD volume element Ih^^dy) 
with partial derivatives di replaced by 

ft + ^V = a + (aHsl 1/4 ) 

As above, the total derivative amounts to the rescaling 
A lnt — > |g| _1 / 4 A lnt |g| 1 / 4 , necessary to correct the differ- 
ent normalization of HD and LD states. The remaining 
terms in the righthand side of (|5T[) are identified with a 
scalar potential induced by dimensional reduction. They 
are know to produce observable effects in low energy 
physics [1]. Specializing to Kaluza-Klein and embedded 
spacetime models we obtain: 

Kaluza -Klein: By recalling pKK)l . (|15KK|) . (|21KK|l . 
(|24KK[) . the fact that ViK* = and assuming that the exter- 
nal metric only depends on external coordinates, (|57[1 reduces 
to the well known expression 

A KK = |g|- 1/2 (9„ - iA^K a ) gHg| 1/2 (dy - iA=K a ) + 

+ \K\- 1/2 d i K ij \K\ 1/2 d j 

(EzKK) 

where K a = — iKldi are infinite dimensional Hermitian gen- 
erators of the isometry algebra. 

Embedded spacetime: By recalling (|3bmb[) . (|15bmbl) . 
(|21fcmbl) . (|24fcmbl) . the fact that ViA/y 3 = Aj* = and af- 
ter rescaling fields and operators by 

* bi V4 isr 1/4 * 

A | fl |^|g|-V4 A j g |-V4, g |l/4 

in a neighborhood of radius e of Md (|57l) reduces to 
A cmb = Ig]- 1 / 2 (0„ - |A ^Lii) g^|g| 1/2 (d v - fA/'Lw) + 

+|n iM „n i ^ - ±iy nv + 0*$ + o{e) 

dSTjmb) 

where Ly = —i(yidj — Vjdi) are orbital angular momentum 
operators in internal directions. 

2. Dirac operator 

The HD Dirac operator Tf> acts on 2 ^ D / 2 ^ -dimensional 
Dirac fermions. In every local coordinate frame TJ> is 
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written in terms of HD gamma matrices ~f A , reference 
frames, partial derivatives, pseudo-orthogonal connec- 
tion coefficients and spin pseudo-orthogonal generators 



iAB 



= -|[7 ,7 ] as 



AB 



#=7 r c [di--n ItAB -E 



lf> is Hermitian with respect to the measure constructed 
by means of Dirac adjoint and HD covariant volume el- 
ement Igl^cbc. HD gamma matrices ~f A can be decom- 
posed in terms of LD external 7° and internal 7" gamma 
matrices as 



7' 



7 



7 Q = 7 cxt ® 7 a 

where here and in what follows, l cxt , 7 cxt and l mt , 7 int 
denote identity and chiral matrices in external and inter- 
nal spin spaces, respectively. Correspondingly, the HD 
spin generators Y, AB decompose in terms of LD external 
s <*/3 _ _i[ 7 « )7 /3j and internal T, ab = -f [7 a , 7 b ] ones as 



1Q/3 



^ -, int 



S Qb = - 7 0Xt 7 Q ® 7 h 

S ab = l cxt (g,S afc 



By recalling the reference frames decomposition (|33p , the 
relation between HD and LD connection coefficients ([SO)) , 
suppressing -as customary- tensor product symbols and 
spin identity matrices, we obtain the most general LD 
decomposition covariant under @ 



Tp = 7 V ( d » + 2 V ~ 2 i ^ QbSa " ~ 2 ) + 



+ l -^Vf ca ^ a0 (58) 

The first righthand side term reproduces the four dimen- 
sional Dirac operator 



7 7 < ( 



■a 



with connection coefficients replaced by hatted ones and 
partial derivatives replaced by 



1 J „ 

TP * 4 v a & 

2%i ~ o^M.ab^ 



As in the scalar case, the total derivative hidden in the 
trace of the second fundamental form hE,J corrects the 
different HD and LD normalization, while the operator 
gauge potential — fVid* is now supplemented by the 
Hermitian internal spin matrix ^A fJ _, a i,Y^ ab . The second 



righthand side term corresponds to 7 cxt times the inter- 
nal Dirac operator 



, int c i I o * 



a/3 



with partial derivatives replaced by 

Once again \E ij ^ remedies the different states nor- 
malization, while the Hermitian external spin matrix 
\A-i, a p£> enters the expression as a gauge potential. 
The third righthand term |7 cxt 7 c / CQ /3S a/3 is an induced 
Pauli term. Specializing to Kaluza-Klein and embedded 
spacetime models we obtain: 

Kaluza -Klein By recalling (|33KK|) . (|15KK|I , (|21KK[) , 
(|24KK[) . we have ViK a = and assuming that the exter- 
nal metric only depends on external coordinates, (|58p reduces 
to the well known Kaluza-Klein decomposition of the Dirac 
operator 



T^ K = 7"r/ ( d u - iA'JC. - |fi u . Q flE 



a/3 1 



+l^l a k: (ft - ^, ab T, ab ) + i 7 cxt 7 l F a Q(3 K al E Q/3 



where 

K a = -iK a ft + 



are infinite dimensional Hermitian generators of the isometry 
group algebra. 

Embedded spacetime By recalling (|33bmb[) . (|15bmb|) . 
(|21bmbl) . (124bmbj) . that ViA/y 3 = and by rescaling fields 
and operators by 

* -» bi 1/4 |g|~ 1/4 * 

? - bi^igi- 1 / 4 ^ i ff r 1/4 | g | l/4 

we obtain the following expression for the Dirac operator in 
neighborhood of radius e of 



Tp emb = ft,,* fa - |A «J< 
+7 cxt 7 l c» l + 0(e) 



, - |^,a/3E a ' 3 ) + 



SSnib) 



with Jy = Ly + Ey the total angular momentum in internal 
directions. 



3. Higher spin operators 

HD higher spin operators decompose in the very same 
way as the sum of LD spin operators, with partial deriva- 
tives replaced by 'gauge covariant' ones and the possible 
addition of scalar potential terms. In particular, external 
partial derivatives 9 M are replaced by 



1 i ~ 

9 n + 2^V - 2^' afcS 



ah 



(59) 



with S appropriate internal spin generators. 
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IV. GAUGE SYMMETRIES FROM 
HIGHER DIMENSIONAL COVARIANCE 

One of the most interesting features of dimensional re- 
duction is the possibility of geometrically inducing gauge 
structures in the effective LD dynamics. In this section 
we see that, after general covariance breaking, residual 
internal coordinates and reference frame transformations 
are always perceived by effective LD observers as gauge 
transformations. We also discuss conditions for the in- 
duced gauge group to be finite dimensional, providing a 
covariant characterization of Kaluza-Klein and other few 
remarkable backgrounds. 

Gauge fields are identified by their coupling to matter 
and by their transformation rules. From the point of 
view of classical equation of motion, a quick look to ([56]) 
shows that a^m enters the Hamiltonian as a gauge poten- 
tial. To make the gauge structure explicit we may rewrite 
the interaction term as tr(q , a M ) with q = iy^irj a suitable 
charge operator and a M = —iaidi the gauge connection 
introduced in Section III Bl The corresponding curvature 
/ M „ = —ifl v di enters the third term of equation (|54a|) . 
From the operatorial/quantum viewpoint, after adapting 
the state measure to the external spacetime by the scale 
transformation 

* -> H 1 / 4 * and 

a -> i^aw- 1 /* y>^ h i/4 w- i/4 - 

expressions (|57|) . ([55]) and ([55| taken by Laplace, Dirac 
and higher spin operators show that 

+ \{d»P a k ) Pbk S ah (60) 

couples to effective LD degrees of freedom as a gauge po- 
tential. Under the residual covariance group A^ trans- 
forms like a gauge potential: 

- internal diffeomorphisms 

y* -^exp{^(x,y)d k }y i 
make and hence A^ to transform like 

A» -» TA^T- 1 + iTid^T- 1 ) (61) 
with T = exp{-£ fe <9 fc } 

- internal reference frame redefinitions 

pa ^K b ( x ,y)pb 

make (d l _ L pJ : )pbk and hence A^ to transform like 

A^ AA^A- 1 +iA{d^ 1 ) (62) 
with A = exp{§A Qb S a6 } 



The commutator of two gauge covariant derivatives de- 
fines the operator J 7 ^ = d^A v — d v A^ — i[A^,A v ]. A 
direct computation yields 

J> - -ifU (ft - fa^sA - |Vi/^ + 

+ ^(Vah^)S ab + E^E vbc S ab (63) 

Under internal diffeomorphisms and reference frames re- 
definitions Tuv correctly transforms like a gauge curva- 
ture 

T^^TT^T- 1 and T^ v -» AT^A' 1 (64) 

Afj, and T^v are Hermitian operators -i.e. infinite dimen- 
sional matrices- acting on internal tensors/spinors. Af- 
ter HD covariance braking, residual internal covariance 
is perceived by effective LD observers as an infinite di- 
mensional gauge group, with internal coordinate and spin 
playing the role of -one of the many possible choices of- 
gauge indices. The gauge curvature J-y. v receives con- 
tributions from two independent LD tensors: /* and 
Epij. In general, the two contributions are simultane- 
ously active producing an effective infinite-dimensional 
gauge group. In some special backgrounds the gauge 
group may reduce to finite dimensions. 



A. E^ij = 0: gauge structures related 
to the isometric structure of internal spaces 

Let us first consider the case where the internal fun- 
damental form E^ij vanishes identically while /' is ar- 
bitrary. This requirement is equivalent to the statement 
that the induced gauge structure is of the Kaluza-Klein 
type. We have already seen in Section Til C 21 equations 
(|24KKj) and (124lmb|) . that gauge structures of the Kaluza- 
Klein type imply E^j = 0. To prove the inverse, we note 
that under the vanishing of the internal second funda- 
mental form equation (|26p implies that 

^ifjfiv ^ ' jlij-Lf 

In every internal space the vector /* is Killing. In prin- 
ciple the Killing structure of Mj? can depend on the ex- 
ternal point x. However, the fact that /* belongs to 
the Killing algebra also implies that takes values on 
the same algebra up to a pure gauge term. It is there- 
fore possible to choose internal coordinates in which 
is Killing, ViO w + V^a^; = 0. In such adapted coor- 
dinate frames equation l|25p implies d^hij — 0, that is 
hij(x,y) = Kij(y). Thus, the intrinsic geometry of in- 
ternal spaces does not depend on the external spacetime 
point. Having the same intrinsic and extrinsic geome- 
try, all internal spaces are isomorphic: = IC C . By 
choosing a Killing vector basis K|(y), a = 1, n, for the 
isometry algebra iso(JC c ) = gKK, [K a ,Kb] 1 = k a lK l c , the 
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off-diagonal metric term and the antisymmetric hy- 
brid tensor /* can be expanded as in (|5KK[) or (|5Lnb|) 
by 

ai(x,y) = A»(a;)Ki(y) 



fL{x,v) 



withF^ = df+Al -<9„A= -k^A^A". The gauge potential 
([50)1 and the gauge field acting on spin-s matter take 
then the standard Kaluza-Klein form 



with 



K a = K* 



A M = A=(x)K a 
•J~nv — Fui/( a -)K a 



^-^, ab S afc J+i(V Q K ah )S ab 



(65) 
(66) 



spin-s valued Hermitian differential operators closing the 
finite-dimensional algebra iso(/C c ), [K a ,Kt>] = — ifc a £K c . 
The theory is still covariant under the whole residual co- 
variance group |2|). However, a generic diffeomorphism 
T = exp{— (, l (x, y)di} will bring outside iso(tC c ). To 
keep the group structure of the background explicit it 
is necessary to work in adapted coordinates. This is 
achieved by restricting the allowed covariance group to 
Killing transformations, that is, by restricting attention 
to £*(x,y) = e a (x)K a (y) as standard in Kaluza-Klein 
theories. In arbitrary coordinate frames, Kaluza-Klein 
gauge structures are completely characterized by the LD 
covariant condition 



Epij - 



(67) 



Kaluza-Klein backgrounds, in the strict sense, further 
require the independence of the induced external met- 
ric on internal coordinates, a condition enforced by the 
vanishing of the symmetric part of the external fun- 
damental form Ei( MU ) — 0. By contrast, with diffeo- 
morphisms, the Killing algebra of a manifold is always 
finite-dimensional having dimension at most c(c + l)/2 
As a consequence, in the Kaluza-Klein context, 
at least two internal dimensions are necessary to pro- 
duce non-Abelian gauge structures. Thus, a minimum 
of seven extra-dimensions is required to realize the Stan- 
dard Model group U(l) x SU{2) x SU(3) 0. 



B. E^ij — ^E^^hij = 0: gauge structures related 
to the conformal structure of internal spaces 

Let us now weaken the Kaluza-Klein condition by re- 
quiring the proportionality of the internal fundamental 
form E^ij to the internal metric hij, E^ij = ~E /iy 
(this condition is trivial in c = 1). Assuming this, equa- 
tion (|26|) implies that 



In every internal space the internal vector /* belongs to 
the conformal algebra of the manifold. As above, the fact 
that /* belongs to an algebra implies that also be- 
longs to the same algebra up to a pure gauge term. It is 
then possible to adapt internal coordinates in such a way 
that Vid^ +V ja^i — |(Vfea^)/iy . Equation (|2"S")) implies 

that \h\ l l°dij\h\~ x l c hij = 0. Hence, in the adapted coor- 
dinate system hij(x,y) — X(x)cij(y) for some conformal 
factor X(x) and some internal metric Cij(y). All inter- 
nal spaces are conformal to a given manifold C c . Choos- 
ing a basis C a (y), a = 1, ...,n for the conformal algebra 



conf(C c ), [C a ,C b ] 
as 



and /* can be expanded 



ai(x,y) = Al(x)Ci(y) 
fLfay) = F*(x)C l M 



where again F=„ = d^A c u - d v A c ^ - c^Affi. Also 
and (f6Tij) take the standard gauge potential and gauge 
curvature form 



A» = A=(x)C a 
F»u = F^(x)C a 



(68) 
(69) 



where the spin-s valued Hermitian operators C a take now 
the slightly more complicated form 



It is readily checked that the C a do not depend on exter- 



nal coordinates and close conf(C c ), [C a ,Cb] 



;C C 



As in the previous case, gauge invariance is only explicit 
when the allowed covariance group is restricted to con- 
formal transformations £ l (x,y) — e a (x)C a (y), while in 
arbitrary coordinates the background is completely char- 
acterized by the LD covariant condition 



E„ 



1 



E^khj 







(70) 



The conformal algebra of a manifold contains the isome- 
try algebra as subalgebra and is always finite dimensional 
with maximal dimension (c + l)(c + 2)/2. As a conse- 
quence non-Abelian gauge fields may be induced even 
with a single internal dimension. 

Example: To check this explicitly we consider a one- 
dimensional internal space with topology of a circle param- 
eterized by the internal coordinate 9 £ [— 7T, 7r]. The corre- 
sponding conformal algebra so(2, 1) is generated by the vec- 
tor fields C? = 1, Cf = s'm8 and Cf = cos 9. Assuming the 
off-diagonal term of the HD metric to be of the form 

o* (as, 9) = Aj, (x) + Al (x) sin 9 + A^ (x) cos 9 

the vector field (1631) rewrites like in (1691) with 



Ci 

c 2 
c 3 



. d 

~ l d9 

■ ■ a 9 i t 
- lSm9 d9~2 C ° St 

n d i . , 
-i cos 9— + -sm( 
o9 2 
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which are easily checked to close the so(2, 1) algebra 

[61,62] = A, [62,63] = -*&, [6 3 ,6i] = »6a 

We should remark, however, that so(2, 1) is the only non- 
Abelian Lie algebra that can be embedded in diff (Mi). 

C- /uy = 0: gauge structures related to the local 
freedom of choosing internal reference frames 

Eventually, we consider the case where the antisym- 
metric hybrid tensor /* vanishes identically while E^j 
is arbitrary. Under these circumstances it is always possi- 
ble to choose internal coordinates in such a way that the 
off-diagonal block of the HD metric vanishes identically 
a* = 0. In such adapted coordinate systems the internal 
fundamental form reduces to the external derivative of 
the internal metric 

The gauge potential (|60|) and the gauge curvature f)63H 
acting on spin-s matter take the form of standard 
(pseudo-)orthogonal gauge fields, with internal spin gen- 
erators S ab playing the role of gauge algebra generators 

A, = \(d,p a k ) Pbk S ab (71) 

J> = \paW(9 ll h ik )h kl (a ll t hl )S ab (72) 

We see that LD gauge structures can be induced even 
when the off-diagonal block of the HD metric vanishes 
identically, but they only act on matter carrying spin. As 
in the previous cases, the theory is still covariant under 
the whole residual covariance group. The gauge struc- 
ture emerges explicitly only when adapted coordinates 
are introduced and the covariance group is restricted 
to (pseudo-)rotations of internal reference frames. In 
generic coordinate systems the background is fully char- 
acterized by the LD covariant condition 

flu = (73) 

Under these circumstances a minimum of three inter- 
nal dimensions is required to generate non-Abelian gauge 
structures, while ten extra dimensions naturally provide 
the background for 50(10) grand unification (l4j |. Inter- 
nal gauge indices like isospin and color can be nicely un- 
derstood as internal spin indices and a complete matter 
unification can be achieved in terms of a single fourteen- 
dimensional spinor (l5| . 



V. DISCUSSION AND CONCLUSION 



The selection of a subset of coordinates -with the rel- 
ative general covariance breaking- does not imply in it- 
self neither the selection of a reduced space nor a di- 
mensional reduction procedure. However, it determines 
the geometrical features of all reduction schemes lead- 
ing to that subset of coordinates as residual coordinates. 
By investigating invariant/covariant quantities under the 
residual transformation group we constructed LD tensors 
that fully characterize the geometry of the coordinate 
choice and hence of the associated dimensional reduction 
schemes. These allow to see in the same light reduction 
procedures that seems otherwise totally unrelated, like 
Kaluza-Klein models -where the system is totally delo- 
calized in internal directions- and embedded spacctimcs 
-where, on the contrary, the system gets localized at an 
internal space point. Most of the formulas of Kaluza- 
Klein and embedded spacetime theories do not depend 
on the averaging procedure employed, but only on the 
geometry of the coordinate choice. In this paper we pre- 
sented general formulas for the reduction of the main 
tensors and operators of Riemannian geometry. In par- 
ticular, the reduction of the HD Riemann tensor provides 
what is probably the maximal possible generalization of 
Gauss, Codazzi and Ricci equations. Our work also sheds 
some new light on the nature of geometrically induced 
gauge structures, tracing their origin to residual general 
covariance in internal directions. 

We conclude by remarking that -from the separation of 
radial and angular coordinates in the two-body problem 
to the latest theories of everything- adapting, selecting 
an appropriate subset and exactly or effectively separating 
coordinates is such a basic procedure in solving physical 
problems, that it is unthinkable to compile even a par- 
tial list of the papers where particular adapted/reduced 
expressions of geometric tensors, equations and opera- 
tors have been obtained. Our hope is that the formulas 
presented in this paper may be of help and save some 
tedious computational work to all researcher working on 
some adapting coordinates problem. 
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